SAMPLE SOLUTION 


QUESTION 1 [25 marks] 


a. Graphical method 


e Choose a scale (e.g. 1cm = 1 volt (or 1 Ampere) depending on the nature of Y, 
and Y,). 
e Derive the phasor representation of the signals Yı(t) and Y2(t). 
Y, (€) = 5sin(5t + 50°) > Y, (t) = 5cos(5t + —40°) > Y, = 587/10" 
Y(t) = 3cos(5t) > Y, = 3e1% = 3 
e Graph Y, and Y,using the adopted scale and derive Y, the resultant of Y, and 1⁄2. 


Im 


A 


e Measure both the magnitude and the phase of the resultant and write 
down its phasor representation. 
Y = 7.55 e 2517 
P Derive Y(t) from the phasor representation (remember that w = 5 rad/sec). 
Y=755e 329" > Y(t) = 7.55cos(5t — 25.179) 


[8 marks] 
b. Transfer Function 
i L 
A 
V, C R V, 
B 
Using the voltage divider rule: 
Zrc 
V2 


Where Zpcis the equivalent resistance of the circuit elements Zp and Zç. Note that 
Zr and Z. are in parallel. 


E: ee ane 1+RCs_ R 
== MÁ yo = > — Á 
TA e E R RC =T F RCs 


In the Laplace domain 


R R 
_ Lec _ T+RCsS = I + RCs 
V2(s) = 7747 V1(S) = FFT * Vi (s) = R+Ls(1 + RCs) * Vi(s) 
een PES Ses an) 
1+ RCs 1+ RCs 
= 1+ RCs 
"RIGS BIS ERO? 
1+ RCs 


Simplifying the terms (1+RCs) and then dividing both the numerator and denominator 
by RLC leads to: 


R 1 
2 1+RCs H z LC 
BI me reaR A ð E 
1 F RCs RC’ "IC 
Finally 
1 
V2 (s) LC 
OO" Gyr aia lei 
=: TRG NLG 
[8 marks] 
1 er 
LC = Wn 
H(s) = — A 
1 1 ` s? +2 wns + w2 
2 aoe En 
st + RCS TIC 4 di 


Knowing that R = 2.5 Q, L = 1.25 H and C = 0.1 F. Mapping the two expressions leads 
to: 


K=1 
poe ` = 8 = 2.83 rad 
On = Te Wn ic = 2.83 rads/sec 
2 2 2 : 0.707 

— > = — = ú 
$ On = Bg ` $ T Zø,” RC 


[3 marks] 
c.  vi(t) = 3 sin(2t + 35°) > o = 2 rads/sec 


To find the gain and the phase shift of the circuit, we will have to find the frequency 
response of the circuit. To do that, we will use the Laplace transfer function and replace 
s by jo. 


Knowing that R = 2.5 Q, L = 1.25 Hand C = 0.1 F. The transfer function is then: 


Vals) _ 8 


H(s) = A 
(5) Vi(s) s*+4s+8 


The frequency response is then 


PO EA 8 
Aa) Vu) 8-2 + j4w 
The gain 
8 
|H(w )| = > 
(8 = w?) + (4w)? 
[2 marks] 
The phase 
1/ 40 
ZH(w) = —tan (; — =) 
[2 marks] 


Since w = 2 rads/sec, then the gain and the phase are: 
8 8 8 
V(8—w?)? + (4w)? (4)? + (8)? v80 


BON 4% \ _1( 4%2 N _ 4 M 
ZH(w ) = —tan (== = =) = —tan (= = 1 = -tan”'(2) = —63.43 
Finally 


IH (w )| = 


v2(t) = 3x0.894 sin(2t + 35-63.43°)= 2.682 sin(2t + -28.43°) 
[2 marks] 


QUESTION 2 [25 marks] 


a. Normalised form 


_ 30(s#10)  30X10(G+D) _ 15(4+1) 
ne (s+1)(5+20) 1x20CH1)CH) G+1)6G5+1) [2 marks] 


b. Gain and Phase 
The frequency response is defined by (replace s by jo in the transfer function): 


1509 + 1) 
O a 
Ó +DGJ+D 


The gain 
[15|x „lea 2. +1) 15x O (e + 12 
IHGo )| = Erdi F 
+1 5 + 1 
(Ð) r hex IG (55) F 12 
The gain in dB. 
|H(jw )| = 20log(15) + 20109 | ( (2) re 20log (2 (2) +1- 20109 | ( (2) ee 
[3 marks] 
The phase Å 
LH(jo) = 15 +2 (E +1)- (F +1)- 4 (X +1) 
10 , 1 20) 
E a O PR ee fees 
= tan (F) tan '(w) — tan” E) 
[2 marks] 


c. Bode Plots 
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[4 marks] 
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[4 marks] 


i. Pole-zero diagram 
Aim 


ii. The filter’s difference equation 


H(z) 


RORA ze bZ” 
` X(z) \z-08 an 


Cross multiplying 
Y(z)(1 — 0.827") = X(Z)(1 + z"4) 


Y(z) — 0.8Y(z)z~* = X(z) + X(z)z "* 
The difference equation 
y[n] — 0.8y[n — 1] = x[n] + x[n — 1] 
y[n] = 0.8y[n — 1] + x[n] + x[n — 1] 
iii. Magnitude frequency response over the range 0< O<z 


Frequency response 


HQ) = ER +1 _ cos(Q) + jsin(Q) + 1 
~ ei2 — 0.8  cos(Q) + jsin(Q) — 0.8 


Magnitude frequency response 


(cos(Q) + 1)? + (sin(®) /2+ Zos 


HO) = 2 = 


(cos(Q) — 0.8)? + (sin(0))" 1.64 — 1.6 cos(Q) 


6 


Z 1 — 0.8z71 


[2 marks] 


[1 mark] 


[1 mark] 


[1 mark] 


[1 mark] 


[1 mark] 


12 
IHI 


A rough sketch with 4/5 values of Q should be OK. 


[3 marks] 
QUESTION 3 [25 marks] 
a) Fourier series 
The signal x(t) is odd, then ay = a, = 0 
[2 marks] 


0 


T 

T 2 2 [4 

by = =| x(t) sin(nw ot) dt = =f —Asin(nwot) dt + =| Asin(nwot) dt 
0 0 


T 


b„ = a — COS E) 


[5 marks] 
The 4 first non-zero harmonics 
2A TC 2A 
bi = —{1 — COS E) = E 
24, 27 = 2A 
pa = = (F) m 
b 2A fı (E) 2A 
3 aut 2) 3x 
[3 marks] 


b) x(t) = a, + X223 a, cos(nwot) + bn sin(nwot) = b; sin E t) + bz sin (2 Zt) + 
b; sin (3 “t) (Wo = 5) 


[2 marks] 
c) Consider H(s) = XO = oz 


i. Gain and phase 


0.250 


Gain: IS) = ease 


Phase: ZH(w) = 90 — tan”*(0.25w) 


The output y(t): 
T 
For w = w, = > 
á ‚25 
Gain: |H(w)| = Tro = 0.365 


Phase: ZH(w) = 90 — tan”*(0.25w) = 89.62 


For w = 2w, = 25 


5 0.25 
Gain: |H(w)| = Tai = 0.617 


Phase: ZH(w) = 90 — tan”*(0.25w) = 89.33 


For w = 23w, = 3- 


Š 0.25 
Gain: |H(w)| = Tai = 0.76 


Phase: ZH(w) = 90 — tan !(0.25w) = 89.13 


[3 marks] 


[2 marks] 


[2 marks] 


[2 marks] 


y(t) = 0.36b, sin (Fe + 89.62) + 0.62b, sin (2 “t+ 89.33) + 0.76b3 sin (3 “t+ 


89.13) 


[2 marks] 


The transfer function is that of a high pass filter having a cut-off frequency of 4 


rad/sec. Therefore, it is attenuating harmonics present in x(t). 


[2 marks] 
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